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Abstract

We study local stationary solutions of finite-horizon discrete-time Pontryagin systems near a steady extremal. Suppose that
the stationarity equation for the control is regular, the reduced state—costate map is hyperbolic, and the endpoint conditions
satisfy a scaled transversality condition with respect to the stable and unstable subspaces. Then the linearized boundary-value
problem admits an inverse whose Green estimate is uniform in the horizon. The Green kernel separates interior decay from the
two reflections induced by the endpoint conditions. For g = xin and pr = ry(27,y), a contraction argument in a weighted
norm proves existence and uniqueness in a neighborhood independent of T', together with uniform Lipschitz estimates and a
pointwise quadratic remainder. We also derive an explicit admissible data radius and an a posteriori criterion for existence
and local uniqueness near an approximate trajectory. For these graph boundary conditions, a one-sided Green estimate shows
that a perturbation of the terminal reward changes the initial control and the gradient with respect to the initial state of the
stationary objective by O(e™**rT) for every aier below the dichotomy rate. For linear-quadratic systems with invertible A,
stabilizable (A, B), @ = 0, R > 0, and a nonpositive terminal Hessian, a symplectic graph condition verifies the assumptions,
and the finite-horizon Riccati matrix and initial feedback gain converge at rate O(e™2?T). Numerical experiments verify the
certificates and the predicted decay rates.

Key words: Optimal control; Boundary-value problems; Exponential dichotomies; Dynamic programming; Sensitivity
analysis; Symplectic methods

nential sensitivity has been proved under second-order
sufficient conditions, constraint qualifications, or con-
trollability assumptions. Dynamic programming gives
the complementary value-function description of the
same optimal trajectories; its differentiable charac-
teristics are the Hamiltonian state—costate equations
(Bertsekas, 2017; Sassano, 2025). The correspondence is
classical; here it determines when the stationary quan-
tities certified below coincide with value gradients and
feedback laws.

1 Introduction

Finite-horizon optimal control methods repeatedly solve
two-point Pontryagin equations, for example in shoot-
ing, continuation, and receding-horizon computations
(Bertsekas, 2017; Griine and Pannek, 2017). A fixed-
horizon implicit function theorem gives a local station-
ary branch, but does not control the inverse uniformly
as the horizon grows.

Dichotomy theory relates boundary transversality to
well-conditioned linear boundary-value problems (Cop-
pel, 1978). Implicit-function arguments in weighted
sequence spaces yield horizon-uniform nonlinear sensi-
tivity once a uniformly bounded linear inverse is avail-

First, Na and Anitescu (2020) prove decay of directional
sensitivities for locally optimal discrete-time programs
under uniform second-order sufficiency, controllability,
and derivative bounds, while Shin and Zavala (2021) re-
late second-order sufficiency and constraint regularity to

able (Griine, Schaller, and Schiela, 2021). Hyperbolic
Hamiltonian equilibria and transverse stable and unsta-
ble manifolds also yield two-sided turnpike estimates.
For optimal solutions and KKT systems, uniform expo-
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controllability and observability; we instead use a ver-
ifiable transversality condition for a hyperbolic state—
costate map to construct a local stationary Pontryagin
branch without assuming optimality. Second, Shin, An-
itescu, and Zavala (2022) prove that primal-dual sen-
sitivity in graph-structured nonlinear programs decays
with graph distance under a strong second-order suffi-
cient condition and the linear independence constraint
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qualification; for the temporal chain, we separate the
contributions of both boundaries and use a scaled bound-
ary matrix to bound the influence of the terminal con-
dition on the initial control and initial costate. Third,
Breiten and Pfeiffer (2020) and Kunisch and Pfeiffer
(2020) prove exponential receding-horizon estimates for
infinite-dimensional linear-quadratic (LQ) problems and
stabilization problems with terminal penalties, respec-
tively; we instead bound terminal reward perturbations
in a discrete-time nonlinear Pontryagin boundary prob-
lem, with optimality required only for its interpretation
in optimal control. Fourth, Sakamoto and Zuazua (2021)
derive nonlinear turnpike estimates from stable and un-
stable manifolds, while Xu and Anitescu (2018) prove
exponential accuracy of an overlapping temporal decom-
position in the overlap size; our framework combines
the scaled boundary matrix with a horizon-independent
nonlinear existence radius and pointwise quadratic re-
mainder, adds a separate a posteriori existence test,
and uses the LQ Mobius representation to obtain the
O(e=2T) bound on sensitivity to the terminal Hessian.

We seek a finite-horizon matrix criterion that controls
both endpoint reflections and remains valid for the non-
linear terminal condition pr = r,(zr,y). Our contri-
butions are as follows. First, we derive a Green esti-

mate from the scaled matrices I'r; its kernel separates
interior decay from two endpoint reflections. Second, we
prove the existence of a horizon-uniform local stationary
branch, a pointwise remainder of order O(wr(t)?||Al?),
and a uniform Lipschitz estimate for the initial control.
We also derive explicit a priori and a posteriori radii for
existence and local uniqueness. Third, for graph bound-
ary conditions, we isolate the contribution of the termi-
nal boundary and prove that perturbations of the termi-
nal reward have exponentially small effects on controls
near the initial time and on the gradient of the station-
ary objective with respect to the initial state. Fourth,
for LQ systems with invertible A, stabilizable (4, B),
Q> 0, R>0,and S < 0, we reduce the matrix crite-
rion to symplectic graph conditions, prove invertibility
for every horizon, and obtain an explicit M6bius formula
and O(e=2'T) convergence of the Riccati matrices and
feedback gains.

The main results establish stationary extremals. An ad-
ditional second-order sufficient condition is required to
identify them as local optima. Section 2 gives the reduc-
tion, Section 3 proves the linear estimate, Sections 4—
5 give the nonlinear results, decay under terminal re-
ward perturbations, and computable certificates, Sec-
tion 6 treats the LQ verification, and Section 7 reports
the numerical tests.

2 Model, reduction, and standing assumptions

For a horizon T € N, the state is in R?, the control set
U C R™ is compact and convex, and
Tpp1 = Fae,ug), 0<t<T. (2.1)

For y in an open set Y C R, the maximization objective
and Hamiltonian are

T-1
Jr(u) =r(zr,y) — A Z Oz, ur), A>0, (2.2
H(xz,u,p) = —=M(z,u) + (p, F(z,u)). (2.3)

All local branch estimates use fixed neighborhoods, in-
dependent of T. The maps F and ¢ are C? near the refer-
ence, and terminal rewards 7(-,y) are C® in  when non-
linear terminal conditions are used. The required uni-
form derivative bounds are stated below.

An interior stationary reference satisfies

Too :F(xoo,uoo), Poo :Hm(l'oo;uooapoo)a

Hu(xooauoovpoo) =0, (24)

with us € intU.
2.1 Pontryagin equations and sign convention

We use the maximization convention for (2.2) and the
forward Hamiltonian (2.3); the costate paired with the
step from t to t + 1 is pyy1. Consequently

H,(z,u,py) = 0, F(x,u)  py — NOpl(z,u),
Hy(z,u,p1) = 0uF(z,u) "py — AN l(z,u).

If a trajectory is locally optimal for (2.2), one-sided vari-
ations of a single control value in the convex set U give

Tip1 = F(wy,ue), pe = Hy (T8, ut, Dg1),
pr = Our(27,Y),
(Hy(2e, ue, pryr), v —ug) <0,
0<t<T, veU.

(2.5)

These are the standard discrete-time Pontryagin condi-
tions (Halkin, 1966; Bertsekas, 2017); the signs reflect
maximization of terminal reward minus accumulated
cost.

All sufficiently small branches considered below remain
in int U. On such branches the variational inequality is
equivalent to H,, = 0. The local stationarity graph con-
structed next therefore eliminates u; as u; = v(xs, pry1)



and turns the first two equations in (2.5) into the re-
duced implicit equation (2.11). The endpoint rows are
retained rather than eliminated. Thus a stationary Pon-
tryagin branch in this paper means a local branch of
(2.5) after interior stationarity reduction.

2.2  Relation to Bellman recursion

For an optimal branch, define

T-1
‘/t,T(xﬁy) = max {T(I'T,y) )\Zﬂ(xk,uk)} 5
Uty o, UT -1

k=t
Qt,T(xau; y) = —)\f(m,u) + W+17T(F(.’II,U); 9)7

with V7 = r. If the relevant value functions are differ-
entiable and the Bellman maximizers are interior, then,
along the optimal trajectory,

pey1 = DoVig1,1r(we1159), (2.6)

Dth,T =H, = 0, DIW,T =H, = Dt '
These identities follow from the chain rule and the enve-
lope theorem. Thus the costate equals the state gradient
of the future value, and the Pontryagin equations are the
first-order characteristic equations associated with the

differentiable Bellman recursion (Bertsekas, 2017; Sas-
sano, 2025).

The Hamiltonian and the Bellman Q-function are never-
theless different: in general H(z,u,py) # Qvr(x, u;y).
If Vip1,7r is twice differentiable, set 4 = F(z,u) and
p+ = D;Vit17(z4;y). Then

D2,Qur = Hyu+ F] D2 Vi1 oFy.  (2.7)

Consequently, (2.8) below guarantees only that the sta-
tionarity equation can be solved locally for u at fixed
p+. It does not imply that v maximizes the Bellman Q-
function or that the resulting branch is optimal.

Local control elimination. Assume that F and ¢ are C3
near the reference and

det Huu(xoov Uoovpoo) 7& 0.
(2.8)
Put (o = (Zoo,P0). The finite-dimensional implicit
function theorem gives neighborhoods €2 of (, and V' &
int U of uss, and a unique C? map v : Q — V such that

Hu(‘roovuoovpoo) =0,

Hu(l’, V(‘Tap-i-)ap-i-) = 07 V(Iooapoo) = Uoo- (29)

After shrinking the neighborhoods, Dv and D?v are
bounded and

Dv=—H,(Hyz, Hup). (2.10)

These are standard consequences of the implicit function
theorem; no local maximum property is used.

With z; = (x4, pt), the reduced state-costate step is
f(Zt, Zt+1) = O7 (211)

where

Tip1 — F(xe, v(2e, prsr)) >
F(z, 2 = . (212
(20, 2141) <Pt — Hy (x4, v(24, De41)s Dit1) (2.12)

Let v, = Dyv(ZToo,Poo) and v, = Dy, V(Too,Poc). In
(2.13), F,, F,, are the derivatives of the original dynam-
ics F' at (Zoo,Uso) and all Hamiltonian derivatives are
evaluated at (Zoo, Uso, Poo) and Hyy,, denotes the deriva-
tive of H, with respect to the forward costate argument.
For h = (§,7) and ht = (£T,77"), the linearization is
Loh + LihT with

_ —(Fy + Fuvg )€
LOh B (71— - (Hza: + quyz)€>’

Liht = ( " = Py )
' _(Hrm + Hpyvp)mt .

(2.13)

Uniform local assumptions. Given a product neighbor-
hood Z = Z, x Z, C R% x R? of 0 contained in Q — (o,
set

Flars) = (o) + 50 @mmm) 20 1

2,2t € Z.
The reduced state—costate step (2.11) on (Zoo, Poo) + Z
is F(z,27) = 0. We fix Z, a convex Uy € intU, and
compact product balls B, € Z,, B, € Z, such that v
maps all mixed arguments (Zoo + &, poo + m1) into Uy
and, for some constants Mins, Mier,

sup || Dv][+ sup  [|D*v|| < My,
(IOCHPOO)J"Z (1ooypoo)+z
sup |D2F (2, 2)|| < Miy.
(z,21)€(Bz X Bp) X (Bz X Bp)

For a reference y,, € Y, assume that a neighborhood
Yy € Y satisfies

sup HD;T(LL’,:U)H S Mter-
TETo0+Bs, y€Yo, 1<5<3

The maps y — 72(z,y) and y — 1., (z,y) are assumed
continuous uniformly in this tube, and locally Lips-
chitz uniformly in = when joint Lipschitz dependence
on (zin,y) is asserted. All radii below are chosen inside
this fixed tube. Finally, direct verification from problem
data uses

det Ly # 0, M = —Li'Lo. (2.15)



Thus the linearized interior equation is hyy 1 = Mhy +
L1_1 fi- The alternative abstract formulation only re-
quires the Green property stated next.

3 Linear endpoint estimates

The nonlinear argument requires the following uniform
inverse estimate.

Definition 3.1 (Uniform Green property). Let L : R™ x
R™ — R™ be linear and let Bg,Byr € R™*™ be fixed
boundary-row matrices, not necessarily invertible indi-
vidually. Given constants Cg > 1, v > 0, and Ty > 1,
the triple (L, Bg, B7) has the uniform Green property
with these constants if, for every T' > Tj, every interior
forcing f = (fo,..., fr—1), and every boundary datum
b € R", the following two conditions hold:

(WP) The linear problem

L[hmhwﬂ = fty
Bohg + Brhr = b.

0<t<T,
- (3.1)

has a unique solution h = (hg, ..., hr).
(G) With fixed finite-dimensional norms and

kp(t,s) = e Vsl g em (T =s) 4 o=v(T—t+s)
0<s<T,

(3.2)
the solution from (WP) satisfies

IRl < Ca [(e™ + €7 T=0) o]

T-1 (3.3)
+ 3wt 9| fsl]

s=0

forall0 <t <T.

When only the property is named, the constants are
independent of T

The last two terms in (3.2) are the finite-horizon bound-
ary reflections. We write £59b and £ f for the bound-
ary and forcing solutions.

A concrete verification comes from the explicit transi-
tion (2.15) and a uniformly invertible scaled boundary
matrix.

Theorem 3.2 (Finite-horizon Green certificate). Con-

sider, for a horizon N,

hiy1 = Mhs+g;, 0<t <N, Boho + Brhy =0,
(3.4)

on R™. Suppose M is hyperbolic and let the columns of

Vs and V,, be bases of its stable and unstable subspaces,

with dim Fs + dim E,, = n; write MV, = VD, and
MV, = V,D,, and assume that, for some K > 1 and
v > 0, |ViD¥|| < Ke™7* and ||V, D, *|| < Ke 7% for
all £ > 0. For each horizon define the scaled boundary
matrix

Dy = [BoVi +BrViDY BoVuDLY +BrV.|, (35)

where the superscripts are powers, not transposes. If I'y
is invertible for every N > Ty and supy>r, ITH <
00, then the uniform Green property of Definition 3.1
holds for (3.4), with constants depending only on the di-
chotomy bounds, the spectral-projector norms, the fixed
lloundary matrices, and the displayed uniform bound for

T'y'. Moreover, the uniform inverse bound follows if

T = [BoV: BrVi] (3.6)

is invertible and, for some cutoff IV, large enough for the

Neumann argument, each matrix T Ny withTy < N < N,
is invertible.

We say that scaled boundary transversality holds if
fN in (3.5) is invertible for every N > Ty with
SUp N>y, ||IATV1|| < o0. The bases are fixed once and
for all: replacing them by a fixed pair VA, V, A,
right-multiplies Tn by diag(As, A,), so the property is
basis independent up to condition numbers, while no
N-dependent rescaling is allowed.

Proof. Let V. = [V, V,], write V1 = (KVVS), and set
I, = V,W,, 11, = V,,W,,. Every homogeneous solution
has the unique form

q = ViDla+ V,Di7 Ny,

Its boundary equation is Ty (f]) = b, so uniform invert-
ibility gives

lgell < Ce* + e D) Jo]. (3.7)

For forcing, define
pr= M7 I =) (Mp,) T g
J<t j=t
Then py1 — Mpy = g¢ and

Ipell < €D e i, |, (3.8)

J

Ipoll + llpx | < CY (€77 +e 7N )]l (3.9)
i



Correct the boundary residual b— Bgpy — Brpy by a ho-
mogeneous solution. Multiplying (3.9) by the two factors
in (3.7) produces four terms. The products e~7(*+7) and
e~ 72N—1=3) are bounded by e~ ?*~Jl; the other two are
e YEFN=I) and e~ "(N=t+3) Together with (3.8), these
are exactly the terms in kv (¢, 7). This proves (3.3). With

zero forcing and boundary datum, invertibility of r N
gives uniqueness.

Finally, [Ty —Loo|| < Ce=7N. Neumann’s lemma covers
all sufficiently large IV, and the finitely many remaining
inverses give one uniform bound. O

This scaled boundary transversality property is also
open: under sufficiently small continuous perturba-
tions of M, By, By, the Riesz projectors and local bases
vary COIEinuously, a common spectral gap persists, and
I'yv — I'ns uniformly. Neumann’s lemma covers large
N, while continuity of the finitely many remaining least
singular values covers short horizons. Any exponential
rate below the stable and unstable spectral separation
is admissible after increasing K.

The two-sided kernel above is needed for general end-
point data. For Pontryagin graph rows, terminal-only
data admit a sharper, one-sided estimate. Write P, =
(I0)and Rg = (—S I) on R% x R%.

Lemma 3.3 (One—sided terminal Green estimate). In
Theorem 3.2, let n = 2d, dim E; = dim E,, = d, and

write Vg = ( ) and V,, = ( ) Let S be a bounded set
of matrices for which X is nonsmgular and

A X, X,D-T
I'p(S) = v (3.10)
(P, — SX,)DT P, — §X,,

has a uniformly bounded inverse for S € S and T > Tj.
For 0 < auer < 7, put vp(t) = e~ e (T=t) The solution
of

hiy1 = Mhy + gq, P,ho =0, Rshy =br
(3.11)
satisfies
0<t<T vT(t) 0SacT vr(s+1)
(3 12)

where C_, is independent of (S,T).

Proof. In the dichotomy representation, the boundary
system is (3.10)(a,n)" = (br,br)", where, for G =

max; ||g; || /vr(j + 1),

bL = PzVu Z D;l_qugj,

J<T
br = by — RSV, Z D173, g;.
j<T
Geometric sums give by, = O(vT(O)G) and bp =

O(|lbr|| + G). Uniform inversion bounds n; the
first row and X! then give the extra estimate

a = O(vr(0 )(||bT|| + G)). Substitution uses the
summable ratios e~ (Vteter)k and e=(v=we)k  proving
the claim. O

The following quantitative row-perturbation result will
be used for the parameter-dependent terminal Hessian
in Section 5.

Lemma 3.4 (Quantitative perturbation of endpoint
rows). Suppose that (L, Bg, Br) has the uniform Green
property with constants (Cg,~,Tp). All induced op-
erator norms below use the fixed finite-dimensional
norms of Definition 3.1. For endpoint-row perturbations
Ey, Er, put
= HE()H + ||ETH, ¥ = 2Cge. (313)
If 9 < 1, then (L, Bo+ Ey, Br + Er) has the same Green
exponent and initial horizon, with the common admis-
sible constant
149
-9

The conclusion is uniform whenever 9 is bounded above
by a fixed number smaller than one.

ort = Cay (3.14)

Proof. Use the unperturbed inverse to write the per-
turbed problem as

h = LR f + £2(b — Eghg — Erhr). (3.15)

Because maxo<;<7 ||(L2¢):|| < 2Cq||c|, its right-hand
side is a contraction with factor 9, proving existence. Set

m = max{| hol|, |hzl},
T-1

Fo(f) = 3 (7" + e 7T )| 1,].

s=0

At t = 0,7, the boundary factor and the Green kernel
are bounded by twice the corresponding terms in ||b]| +
F5(f). Hence

2Cq
1-—

m < 206 ([[bll + Fo(f) +em) < T ([Ibll + Fo(f))-

(3.16)



Writing dr(t) = e~ 4+ ¢~ 7T direct multiplication
gives

dp(t) (e 4+ eV T=9)) < 2k (t, 5). (3.17)

Indeed, the cross-products are the two reflected ker-
nels, whereas each of the other products is bounded by
e~ =5l Substitution of (3.16) into the original point-
wise Green estimate yields

=dr (1) 1ol

Ca(l+9) =
+ DS s,
s=0

el <

and hence Definition 3.1 with (3.14). For homogeneous
data, (3.16) gives hg = hy = 0, and unperturbed well-
posedness then gives h = 0; thus the perturbed problem
is well posed. O

4 Nonlinear reconstruction in weighted spaces

The nonlinear fixed-point argument uses endpoint
weights matched to the Green kernel. For 0 < o < /2,
set

wr(t) = e~ 4 7Y, (4.1)

For each horizon define the weighted space
Xr={2=(20,---,27) : ||z||wr < 0},

||Z||w,T: sup Hzt“ .
o<t<T Wr(t)

All differentiability statements below concern the family
of maps into these horizon-dependent spaces uniformly
inT.

Weighted convolution. If 0 < a < /2, then there is a
constant Cony, independent of T and ¢, such that

T-1
Z kr(t, s)wr(s
s=0

)2 S Cconva (t)2 .

Moreover e~ + e YT=Y < O wp(t)?, with kp
from (3.2). For example, with ¢ = e~(V72% and
¢+ = e~ 29 one may use the explicit value

1 9+
C nv — 4 . 4.2
- (1—q+1—q+> “2)
To verify this value, put x5 = e~ xf = e (T=9)
and define L
_ q+
T gy

Set kI (2, 8) = e VAT =3) o= 7(T=t+9) Since wy(s)? <
2((x5)? + (x)?), splitting the interior sum at s = ¢
gives the two geometric ratios ¢_ and ¢ and hence

T—
Ze W=l (s)? < 24,0 (06 + (G)?), (43)

s=0

T—
ff%‘?f(tS)wT( )? <2450 (062 + (7). (44)
s=0

For the reflected kernels, the coefficients of (y; )? are
q+/(1—qy) and 1/(1 — g_); those of (x;")* are g /(1 —
g-) and 1/(1 — ¢4 ). Both pairs sum to A, ,. Because
(x; )%+ (x{)? < wr(t)?, the two estimates prove (4.2).
Moreover, v > 2a implies

e e T < ()2 4 ()? < wr(t)

Thus the same squared weight controls the interior and
endpoint remainders.

Quadratic residual. Let F be C? near (0,0), assume
F(0,0) =0, and let L = DF(0,0). Define

N(a,b) = F(a,b) — L(a,b).

After shrinking the neighborhood, there is a constant
C'n such that

IN(a,0)|| < Cn(llall + (b))

and

IN(a,b) = N (a,0)| < Cx(llall + o]l + llall + 16

% (la —all +[lo—bl).

Both estimates follow directly from Taylor’s formula
with integral remainder on a fixed convex neighborhood.

We now combine the inverse estimate, the convolution
bound, and the residual estimate. Affine endpoint rows
are included as the case with zero remainder.

Theorem 4.1 (Uniform reconstruction with smooth
endpoint rows). Let F : R" x R® — R" be C? near
(0,0), satisfy F(0,0) = 0, and have the quadratic resid-
ual bounds above. Assume that its linearized equation
with rows (Bg, Br) satisfies Definition 3.1 with exponent
7. Fix 0 < a < /2. Let B: R® x R® — R" be C? near
the origin, with bounded second derivative, and satisfy
B(0,0) = 0 and DB(0,0)[a,b] = Bpa + Brb (the affine

row is allowed). Put Rp(a,b) = B(a,b) —Bga — Brb and
choose C'g such that
IRz (a,0)|| < Ca(|la] + [bl)?, (4.5)



IRB(a,b) = Rp(a,b)|| < Cp(|la—all +[|b - b)),
(4.6)

where ¥ = |lal| + [|b]| + [|al| + [|B].

Let Cn be the interior residual constant above, set ¢ =
Cq, and let

a = 2CGCeonCn(1 +€*)? + 160 Cp. (4.7)

Choose any R, > 0 such that the weighted ball of radius
R, lies in the fixed smoothness tube and 2aR, < 1, and

define
R, — aRz

Oy 1=
c

Then, for T' > Ty and d := ||A]| < d., the problem

(4.8)

‘F<Zta Zt+l) = 07 8(207 ZT) =A (49)

has a solution in the explicitly computable ball

1—+/1—4acd
||Z||w,T < R—(d) =  ou < R, (410)

where, if @ = 0, the continuous convention is R_(d) =
cd. It is the only solution in ||z|l,r < R.. With
A(A) == LYA and Ei(A) = 2(A) — 2P (A), uni-
formly in T,

l2(A)]| < Cwr()|A] + Cwr()?[IA]%,

(4.11)

IB(A)|| < Cwr(t)?| Al (4.12)

[26(A1) = 2¢(A2)]| < Cwr(t)[|Ar — Az, (4.13)
Moreover,

1E(81) = Ed(@o)]) < Cor (8] + 18],

X ||A1 — AQ”

Consequently the solution family is Fréchet differen-
tiable at 0 uniformly in 7', with derivative £5.

Proof. Let Ar denote the linear interior and bound-
ary operator, and let Np(z) collect N(zt,2:41) and
Rp(z0,z7). The Green estimate, wr(t + 1) < e®wp(t),
and the weighted convolution give

IAZ N1 (2) w7 < all2ll5, 7, (4.15)
7! (N (2) = Nr(2))]

wr < alzlo + 1Zw.r)
<l = - (4.16)

Indeed, the interior contribution is bounded by the first
term in (4.7). At the endpoints wr(0), wr(T) < 2, so
the two factors in (4.6) are at most 4(||z||w,7 + ||Z]|w, 1)
and 4[|z — Z||,7; this gives the second term in (4.7).

Define

Dy (2) = LEIA — AT N (2).
Since || L24A|| w1 < ed, (4.15) shows that the ball of ra-
dius R_(d) is invariant: cd+aR? = R_. Equation (4.16)
gives contraction factor 2aR_ < 1. Banach’s theorem

proves existence. If z, Z are any two solutions in the ball
of radius R,, then

12 = Zllwr < 20R.||2 = Z|lw,1,

so they coincide. This proves the computable radius and
uniqueness claims.

Subtracting 2" from the fixed-point equation leaves the
quadratic interior and endpoint residuals. The sharper
convolution estimate for w2 and e~ 4 e~ 7(T=0 <
Cwr(t)? give (4.12) and then (4.11). For two data
Ay, Ay with d; := || A;]] < ds, write

R, = R_(dl), qi12 = CL(Rl + RQ) <1

Subtracting the fixed-point equations and applying
(4.16) gives

c
1—q2

21 — zellwr < A1 = Agl. (4.17)

For the pointwise remainder difference, set
4= CgCeonyCn(1 +e*)? +16CcCp <a. (4.18)
The interior residual difference is at most

CN(l + e"‘)2wT(s)2(R1 + RQ)HZl — 22|

w, T

and (4.6), together with wr(0),wr(T) < 2, gives the
boundary bound 16Cp(R1 + R2)||#1 — 22|lw,7- The esti-
mates for w2 therefore yield

< &C(Rl + Rg)

|E:(A1) — By (Do) < 1
— {12

wr(t)?[|Ar — Aql|.

(4.19)
Since R; = cd; + aR? and aR; < aR. < 1/2, R; < 2cd;
and g2 < 2aR,. Consequently (4.13) and (4.14) hold
with

c 2ac?

Cizia Ormzi-
Lie = 1 24R, ™ 1 %R,

(4.20)

All constants depend only on the displayed uniform
bounds, not on 7. O

The restriction & < 7/2 is needed for the remainder
with weight w?. Existence, size, and Lipschitz continuity
alone hold for every 0 < a < « by the corresponding
convolution estimate for wr.



5 Application to Pontryagin boundary condi-
tions

We now apply Theorem 4.1 directly to the reduced Pon-
tryagin equation and its nonlinear terminal condition.

Theorem 5.1 (Uniform local Pontryagin branch with
a nonlinear terminal condition). Assume the local hy-
potheses of Section 2, including (2.8), and let yoo € Y
satisfy Poo = 72 (% oo, Yoo ). FOT y near yo, define

€o )
T — (rz(xoo + nyy) - rm(xoovy)) ’

Tin — &
Aoc iny = " > )
(x y) <Tw (xoo7 y) - poo>

where z = (£,7) = (T — oo, p — Poo) € R2%. Then
By (20, 21) = Aoc(Tin, y) is equivalent to

By (20, 21) = (

Ty = Tin, pr = 12(T7,Y).

If the rows DB,_ (0, 0) satisfy Definition 3.1 with con-

stants (Cq, 7, Tp), choose a relatively compact neighbor-
hood Y7 € Y. With

Er(y) = < " 0)
! —[r22(Too, ¥) = Toz(Toos Yoo)] O 7

shrink Y; so that

¥ :=2Cq sup ||Br(y)| < 1. (5.1)
IS %

Then Lemma 3.4 gives the common Green constant

CG:CG

T (5.2)
Set Cp = Mo in (4.5)—(4.6), define the common con-
stants a,c from (4.7) using C¢, and choose one pair
R.,d. as in (4.8). Then, for every T > T and every
(Tin, y) satisfying d := || Aoe(Tin, y)|| < 0+, the problem
admits a unique local stationary Pontryagin branch in
the fixed ball ||z|lw 7 < R.. Its radius is bounded by
(4.10), uniformly in T" and y.

For fixed y, let lemy = (¢ 7lm) be the linear branch
formed with DB,(0,0), and put

lin lin __lin }

up" = Dv(Too, Poo) 64 y 41
Uniformly for 0 <t < T,

zell + s — too || < Cwr(t)d,  (5.3)

2t = 22 o + I (ur = uoe) = w™ || < Cwr(t)*d®.(5.4)

For two branches with the same vy,

1 2 1 2 1 2

Hzt — & H + ||ut — Uy || S CwT(t)HAoc - AOCH' (55)
The z-estimates also hold at ¢ = T. The expansion
is with respect to the combined boundary datum Ag;
at fixed y it is an expansion at xj, = % only when

T2 (Too, Y) = Poo-

If, in addition, y — r,(z,y) and y — 7..(z,y) are lo-
cally Lipschitz uniformly in z on the terminal tube, then
the branch is jointly locally Lipschitz in (zi,,y) on this
neighborhood of the endpoint data.

The Green hypothesis is verified directly from problem
data if (2.15) holds, M is hyperbolic, and the matrices

Ty for DB, (0,0) satisfy the finite-horizon certificate
of Theorem 3.2.

Proof. The boundary identity is immediate from the def-
initions. Its derivative is

DB,(0,0)[z0, 21| = (ﬁT _ ng(oxoo y)ET)

The terminal remainder is

( 0 )
_ 1 )
/ [rxm (xoo + QETa y) — T (Ioov y)]éT do
0

so the uniform D3r bound gives (4.5)—(4.6) with Cp =
Mier. Continuity of r,, in y permits (5.1). The only
endpoint-row perturbation is Ep(y); in the standard
Euclidean product norm, its norm is the norm of the
displayed difference between terminal Hessians. Hence
Lemma 3.4 gives (5.2) uniformly on Y3.

Theorem 4.1 now gives the explicit radius, uniqueness,
and the estimates for z. Set u; = V(Too + &ty Doo + Te41)-
The fixed tube keeps these controls in int U, and (2.9)
recovers the full stationary Pontryagin equations. Tay-
lor’s formula for v, together with wr(t + 1) < e®wr(t),
transfers the size, remainder, and Lipschitz estimates to
U.

For two parameters yi,%ys2, subtract the interior and
boundary equations. The additional terms contain
ra(y1) — re(,y2) and 7az(-, 1) — ree(,y2). On an
endpoint ball of radius €, the uniform Lipschitz bounds
and the common Green estimate give

12" = 22 llw,r < Cllai, = 2d ]| + Cllys = el

5.6
+C€||Zl 722”1”77“. ( )

The constant is horizon independent by (5.2). Shrink-
ing the fixed neighborhood of the endpoint data until



Ce < 1/2 absorbs the last term and proves the joint
assertion. The final statement in terms of the problem
data is Theorem 3.2 applied to M = le_lLo. O

Proposition 5.2 (A posteriori existence and local
uniqueness certificate). Let %Zr a be the full interior
and boundary residual of (4.9), obtained by stacking
the T interior residuals and the boundary residual in
R™T+1)  Equip the trajectory space Xr with a chosen
norm || - | x; this may be || - ||, 7, while Section 7 uses
the ordinary vector infinity norm. Let z be an approx-
imate solution and put J = D%rp a(Z). Suppose J is
invertible and define

B=1T""%r.a(2)llx- (5.7)

Assume that, whenever z and 2 are in ||- —Z||x < Rtube,

|J~ (D%r,a(2) — D&r.A(E) | 2(xr)

5.8
<wllz —Z||x. (58)
If 2w < 1 and
1—-+v1-2
r_ = 7@ < Riubes (5.9)

W

then an exact solution exists in ||z — z|| x < r—_. For every
r— < R < min{Riupe, 1/w},

it is the unique zero in ||z — Z||x < R. For w = 0, use
the conventions r_ = § and 1/w = +o0.

Proof. The frozen-Newton map ¥ (z) = z—J ' %7 a(2)
satisfies

19z +h) - 2llx < B+ swlhl,
[IDW(Z + h)llexr) < wllhllx-

Equation (5.9) is the smaller root of 3 + wr?/2 = r and
obeys wr_ < 1. Banach’s theorem proves existence and
uniqueness in the smaller ball. On any larger ball with
wr < 1, two zeros would be two fixed points of a strict
contraction; hence the computed zero is the only one
there. O

All quantities in Proposition 5.2 are finite-dimensional
and computable. Double-precision evaluation is a diag-
nostic; a formal computer-assisted certificate requires
outward-rounded interval bounds for 5 and w.

Corollary 5.3 (Uniform sensitivity of the initial con-
trol). Under the hypotheses of Theorem 5.1, define

KT(xina y) = uO(ziny y)v

the first control of the local stationary branch. After pos-
sibly shrinking the neighborhood of the endpoint data,
there is a constant L independent of (T, y) such that, for
every fixed admissible y, every T' > Tp, and every two
admissible initial states 1, z2,

||KT(331»?J) - KT($27y)H < Lllxl - $2||

If the final Lipschitz assumption of Theorem 5.1 holds,
then for arbitrary admissible (x1,y1) and (z2, y2),

IKr(z1,y1) — Kr(xe, y2)|| < Lz — 22|
+ Lijy1 — y2||-

Moreover, for each fixed y, set Ape = Aoe(Zin, y). With
21y (Boc) = (€7, 711)
denoting the linearized branch formed with DB, (0,0),

lin lin]

KT(-Tinay) = Uo JFDV(xOOaPOO)[ 0 71
+O(||Aoc(xinay)”2)a

with a constant independent of (T,y). This expansion
treats the initial and terminal boundary data jointly,
subject to the qualification stated after (5.5).

Proof. Taket =01n (5.5) and (5.4), and use wr(0) < 2.
The joint estimate follows from the last part of Theo-
rem 5.1. O

Proposition 5.4 (Stationary objective and gradient
with respect to the initial state). For the branch of
Theorem 5.1, define the objective evaluated along the
stationary branch by

T—1
<yT(:E7y) :T("ET((E,y),y)—A f(mt(x,y),ut(:v,y)).
t=
(5.10)

After shrinking the data neighborhood, the branch is C'*
in x for each fixed admissible y, and
with C' independent of T for fixed admissible y. If the sta-
tionary branch is the unique maximizer in the specified
tube, then .77 is the corresponding local value function
and Kr is its initial optimal feedback map. Otherwise,
they describe only the objective value and initial control
associated with a stationary branch.

Proof. Finite-dimensional implicit differentiation ap-
plies for each T'; the common inverse bounds give the



stated uniform estimates. For a variation of zg, station-
arity, the costate equation, and pr = r,, give

Do Srh = ppozr — XY (0] 63y + L 6uy)
t

= prozr + Y (p/ 6wy — pli16wi41) = pg b
t

Equation (5.5) at t = 0 proves the C*! bound. At the
reference point (2,y) = (Too,Yoo), (5.4) also yields a
horizon-uniform quadratic expansion of pg, and hence a
cubic remainder for .. O

Theorem 5.5 (Exponential decay of sensitivity to the
terminal reward). Assume the explicit hyperbolic tran-
sition (2.15) and the graph certificate of Lemma 3.3
at a reference terminal Hessian S,. Let X be a con-
vex terminal-state neighborhood of z., and let Z be a
class of terminal rewards with a uniform C?® bound. Fix
0 < ager < v and assume

sup sup [ D2p(a) = S, <n. (5.12)
pPER TEX
Put
Gr = sup [[Tr(S.) 7",
T>T,
Cx = sup ||[XSDST Xl GrCxn < 1.

T>T,

Let C_, be the resulting common constant in Lemma 3.3,
and let Cy be a common residual constant in Theo-
rem 4.1. Assume that common branch and data radii R
and 4, have been chosen so that

0 :=8C||L7Y|Cn(1+e =R < 1. (5.13)
Assume also that the initial-state neighborhood and &%
satisfy d,(z) = [[(# — oo, Dp(Too) — Poo)|| < 0s and the
resulting terminal states lie in X. Then Theorem 4.1,
applied to each endpoint map, gives local branches on
the same neighborhood. For the same admissible initial
state, every p,p € Z, T > Ty, and 0 <t < T,

127 = 271l + lluf — g

< Crere™ ™ T ID(p = p)|(a)-  (5.14)
In particular,
IKE(2) = K (@) < Crare™ T lp = pllc2 ()
(5.15)

The gradients with respect to the initial state in (5.11)
obey the same e~ *t*T bound. The constants are horizon
independent for every fixed 0 < ey < 7.
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Proof. The perturbation of (3.10) caused by S — S, is
confined to its lower row and has norm at most Cxn.
Neumann’s lemma therefore gives the uniform inverse
bound Gr/(1 — GrCxn) and hence one common C._,.

Set h = 2P — z; and

1 -~ ~
Yr= / D?p(xf. + s(zh. — 24.)) ds.
0
Subtracting the boundary conditions gives

Pyho =0, Ry, hr = D(p — p)(zf) =: br. (5.16)
Writing F=L+N , the interior difference becomes
ht+1 = Mht + Jt, where

gy = —L;l{N(Zf, th+1) - N(va th+1)}’

If H = maxy ||h¢||/vr(t), the residual Lipschitz bound,
wr < 2, and vp(t) = e~ *erup(t + 1) imply

gl 1 ot
T < 8| L7 [Cn(1+e )RH.
Lemma 3.3 and (5.13) now give H < C,||D(p—p)||oo +
0H. Thus C, = C_, /(1 — 0) controls the state-costate
difference, and Cio; = C,[14+ L, (1+e%tr)] is admissible,
where L, = sup || Dv||. Indeed, the control estimate fol-
lows from u; = v(x4, pi+1); at £ = 0, the common initial
state and vy (1) = e®ere~%erT give (5.15). The gradient
estimate follows from (5.11). O

6 Verification for definite linear-quadratic sys-
tems

After absorbing the positive multiplier A into @ and R,
consider the LQ dynamics zy1 = Az + Buy with run-
ning term —%x:th — %U;'—Rut, Q = 0, R > 0. The
Hamiltonian stationarity equation is u; = R™'BTp; 41
and the state—costate equations are

2411 = Az, + BRT'B piy,

(6.1)
pr = A pi1 — Quy.

Assume A is invertible, put G = BR™'BT, and elimi-
nate p;11 to obtain

-7 -T
M(A,B,Q,R):<A+GA @ GA ) (6.2)

A TQ AT



Then (') = M(A, B,Q, R)(}!), and let J = (°; §).

The factorization

=066

consists of symplectic factors, hence M TJM = J and
the spectrum is reciprocal (Bittanti, Laub, and Willems,
1991).

Proposition 6.1 (Symplectic graph transversality).

Let M € Sp(2d,R) be hyperbolic. Write bases of its
stable and unstable subspaces as

X X
VS = ° 9 Vu = . I
() = (x)
MV, =V,Ds, MV, =V,D,.

For S = ST, consider the endpoint rows

10 0 0
B()( >, T( )7 (63)
00 -S1I

which impose g = £ and pr — Sz = 7. The subspaces
FE,, E, are Lagrangian, and

X 0
. (6.4)
0 P, —SX,

The two blocks are nonsingular exactly when

i_‘\oo - [BO% BTVu] - (

B, N ({0} x RY) = {0},

(6.5)

E,n{(z,Sz) : x € R} = {0}.
Under these graph conditions, the uniform Green prop-
erty holds for all sufficiently large horizons. For a pre-
scribed 7o, it holds for every T" > Tj if the finitely many
scaled matrices I'r below a large-horizon cutoff are also
nonsingular. The conclusions are open under small per-
turbations of (M, S) within the hyperbolic symplectic
region. The large-horizon conclusion is uniform on com-
pact subsets satisfying the two graph conditions. Uni-
formity from a prescribed Ty additionally requires the
finitely many short-horizon matrices to remain nonsin-
gular on the compact set.

Proof. For v,w € Eg, symplecticity gives
v Jw = (M*0)TJ(M*w) — 0 (k — o).
Thus E is isotropic. Reciprocal spectral symmetry gives

dim Es = dim E,, = d, so F, is Lagrangian; applying
the same argument to M ~* on E, proves the unstable
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assertion. Direct multiplication by (6.3) gives (6.4), and
the two kernel conditions are precisely (6.5).

Moreover, |74 || < Ce™7T. If the diagonal blocks in
(6.4) are nonsingular, Neumann’s lemma gives a uniform
inverse for all sufficiently large 7'; Theorem 3.2 then gives
the Green property. The finitely many shorter horizons
are covered by their assumed nonsingularity. Continu-
ity of hyperbolic spectral projectors and the two graph
blocks proves openness and uniformity on compact sub-
sets for the large-horizon conclusion. For fixed Ty, con-
tinuity of the finitely many remaining singular values
gives the corresponding assertion for every T > Ty. [

Recall that (A, B) is stabilizable if rank[A — A\ B] =d
for every |A\| > 1. Along every complex solution of (6.1),
direct substitution gives the energy identity

Pip1Te41 — Pixe = Pl Goegr + 77 Qg (6.6)
G=BR'B'. '
Theorem 6.2 (Stabilizable definite LQ data). Let A be
invertible, @ = QT = 0, R = R" = 0, and let (A, B)
be stabilizable. Then M (A, B, @, R) is hyperbolic, X is
invertible, and for every S = ST =< 0 the block P, —SX,,
is invertible. The rows

zo=§  pr—Srr=m

satisfy the uniform Green property for every T > 1. The
constants can be chosen uniformly on compact subsets
of this data class.

Proof. It Mz = Az with |A| = 1, the left side of (6.6)
vanishes along A'z. Hence x = 0 and B'p = 0. The
second block equation gives ATp = A\~ 1p, contradicting
the PBH condition unless p = 0. Thus M is hyperbolic.

If (0,p) € Es, sum (6.6) forward to infinity. Exponential
decay makes both endpoint pairings vanish, hence z; = 0
and BTp, = 0. Here p;1 = A" "py. If p # 0, then
V = span{p; : t > 1} is nonzero and invariant under
A~T. Since A™T is injective, ATV = V, so V is also
AT-invariant. The powers of A~ |y converge to zero,
hence AT |y has an eigenvalue of modulus greater than
one. Its eigenvector is annihilated by B, contradicting
the PBH condition. Therefore X is invertible.

Let (x0,Szg) € E, with S < 0. Summing the energy
identity from —oo to —1 gives a nonnegative sum equal
to xJSzo < 0. Thus z; = 0 for t < —1 and Gpg = 0;
the state equation gives ¢y = 0 and then py = 0. Hence
P, — SX, is invertible. By (6.4) and Theorem 3.2, the
Green property holds for all sufficiently large horizons.



For a finite homogeneous problem, zog = 0 and pr =
Sxp. Summing (6.6) gives

T

|
_

(pi1Gpes1 + 27 Q) = 2 Swp < 0.
t

I
o

The sum is nonnegative, so both sides vanish. Conse-
quently x; = 0, Gpr = 0, then zp = 0, pr = 0,
and backward recursion gives p; = 0. Thus every finite-
horizon boundary matrix is invertible. The finitely many
matrices below the large-horizon cutoff are absorbed into
the uniform bound. Continuous dependence of invari-
ant subspaces and finite-horizon matrices gives compact-
subset uniformity. O

Corollary 6.3 (Riccati representation and sensitivity
to the terminal Hessian). Under Theorem 6.2, let the
terminal reward be rg(z) = x' Sz with S =< 0. For
the unconstrained problem (or where its optimizer is
interior), strict concavity makes the stationary branch
the unique optimal solution of the Bellman problem,
with

Vi(z) = 42" Pr(9)a, K3(z) = Kr(S)x.

Fix K > 1 and v > 0 such that, for every kK > 0,

|VeD¥|| < Ke™* and ||V, D;*|| < Ke=7*. Put
CS:PS_SXSa Cu:Pu_SXu7

: 6.7
EXe = p-Toto,DT. (6.7)

Then

Pr(S) = (Ps — P,EXN)(X, — X, EX)=l (6.8)
Kp(S)=R'BTA~T(2,(9)+ Q). (6.9)

For o = P,X'and Ko, = RT'BTA™T (P +Q),
| P7(S) — Poo|| + || K7(S) — Koo|| < Ce™7T. (6.10)
Uniformly for S, S in compact subsets of S < 0,

122(S) = 2r(S)I| + | Kr(S) = Kr(S)]

< Ce 278 - S||. (6.11)
Thus, when two terminal rewards differ only through
their Hessians, the induced Riccati matrices and initial
gains differ by O(e=2'T). Theorem 5.5 gives the one-
sided rate for general terminal-gradient perturbations.
The Riccati convergence itself is classical (Caines and
Mayne, 1970); here it is derived explicitly from the same
scaled graph certificate.

Q

Proof. Strict concavity follows from R > 0,
VoD Tn a

0, and S =< 0. Write zp = Via +

21y
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zr = Vi,DTa + V,n. The terminal graph gives
CsDTa + Cyn = 0, hence n = —C;'C,Dla; sub-
stitution at ¢ = 0 proves (6.8). The costate identity
p1 = A" T(po + Qug) proves (6.9). The dichotomy
gives ||[ERc|| < Ce=27T. Moreover, (X — X, ER¢)~1
is uniformly bounded: for large T this follows from a
Neumann argument around X, and the finitely many
remaining horizons follow from boundary-value unique-
ness (uniformly on the stated compact sets). Therefore

<@T - <@oo = (gzooXu - Pu)EgiC(XS - XUEgiC)ilv

which proves (6.10). The map S — C, 1Cj is uniformly
Lipschitz on the stated compact sets, giving (6.11). O

Corollary 6.4 (Nonlinear terminal condition with a
nonpositive reference Hessian). Assume the dynamics
and running cost are the LQ data of Theorem 6.2, trans-
lated to the stationary reference, and choose a compact
U with 0 € intU. If the terminal reward satisfies the
hypotheses of Theorem 5.1, with poo = 74 (Z oo, Yoo ) and

T2z (Toos Yoo ) = 0,

then the original Pontryagin problem

To = Tin,  pr =T1z(27,Y)
has the branch, explicit radius, and sensitivity estimates
of Theorem 5.1, with Ty = 1.

Proof. Apply Theorem 6.2 with S = r,,(Zeo, Yoo ), then
apply Theorem 5.1. O

7 Numerical illustration

The finite-dimensional computations below evaluate the
stated certificates and nonlinear checks. All coordinates
in the example are nondimensional. We use the coupled
stabilizable data

1.5 0.4

A= . B-=
0 0.6
103

Q = ) R = 17
0.3 0.6

with rectangular input. Here Apin(Q) =~ 0.439 and
I[4, Q]|l2 =~ 0.334. Since 1.5 is the only eigenvalue of A
with modulus at least one and opin([A — 1.5 B]) =~
0.980, the PBH test gives stabilizability, so Theo-
rem 6.2 applies. The matrix (6.2) has eigenvalue moduli
{0.367,0.556,1.798, 2.723}, spectral gap v ~ 0.587, and,
for unit-norm eigenvector bases, omin(Xs) ~ 0.188 and



Omin(Py) & 0.325. Thus the canonical graph transver-
sality condition holds with an explicit numerical margin.
For shifted rows we take

0.8 0.2
Stcrm = - = 07
0.2 0.5
so Theorem 6.2 applies. The nonlinear terminal reward

1S
() = %xTStermx - (v;rmx)Sv

Vterm = 27 /2(1,1) 7.

Direct evaluation gives Amax(Tnizz) < —0.106 on
|zl < 0.08. For the nonlinear test we perturb the
dynamics to F(x,u) = Az + Bu + 0.1p(z), where
o(z) = (23, 2122), and solve in the unit direction pro-
portional to (0,0,—0.95,—0.30). Table 1 reports the
scaled Green test, quadratic remainder slopes, bound-
ary conditioning, and the explicit neighborhood and
posterior tests. The normalized remainder is
C(T,s) = sup M a=0.05 < /2.
’ o<t<T wr(t)?s?’

Across T = 20,40,80,160, the scaled boundary
condition number is at most 7.725, whereas a re-
liable column-norm lower bound for the unscaled
matrix reaches 7.56 x 10%9 at T = 160. Fits over
s € {3 x107%,1073,3 x 1073,1072} give remainder
slopes between 1.99987 and 2.00713 with R? > 0.999997.
The a posteriori test additionally uses s = 3 x 1072
and s = 10~'. To test the decay caused by a terminal
reward perturbation, we set ry(z) = ry(z) + sd'z,
with d = (—0.95,—0.30) " /||(—0.95, —0.30)]|, and eval-
uate |ud — ud|/s. Fits over T = 20,25,30,35 for
s € {0.003,0.01,0.03} give rates 0.58706-0.58731 with
R? > 0.999999, consistent with v = 0.58664. The exact
LQ graph calculation for changing the terminal Hessian
from 0 to Sierm gives rate 1.17187 with R? > 0.999999,
consistent with 2y = 1.17328.

For the finite-dimensional residual Fr(z;A) = Lrz —
EA + Np(z), where Np(0) = DNp(0) = 0, we also
evaluate an explicit direction-independent Newton—
Kantorovich data radius. All operator norms in the
following calculation are ordinary trajectory infinity
norms. With pr = ||[L7'|e, ¢r = ||[L7'Elle, and
IDN7(z) = DN7(w)|loo < K|z — w||0o, the condition

1

P 7.2
2urKer (7.2)

[Alloe < pr =

places the linear predictor in the Kantorovich regime.
Indeed, if di* = c7||Alloo and ar = prKdi® < 1/2,
then a Neumann bound at the linear predictor gives

pur K

Kdlin2
prK(dp") wp < ’
l—aT

Br < 2(1—ar) <

13

Brw <1 ar 2<1
T =9\ 1 "ar 2

Thus Proposition 5.2, in the ordinary infinity norm, ap-
plies. Using 80% of this open threshold gives uniform
evaluated radii 2.10 x 10~2 for the canonical row and
1.53 x 1073 for the nonlinear shifted row over the four
tested horizons. These radii are valid for every endpoint
direction, unlike the directional sampling. The a poste-
riori test of Proposition 5.2 succeeds in 44 of 48 runs: all
canonical runs and all shifted runs with s < 0.03 pass;
the four shifted s = 0.1 runs fail the sufficient inequal-
ity and lie outside the stated concavity box; they are
included only to examine the sufficient test outside the
stated concavity range. All shifted runs with s < 0.03
remain inside that box. Failure of the test does not im-
ply nonexistence. At s = 1072, the shifted posterior
reported admissible uniqueness radius is approximately
6.14 x 10~3. These are floating-point contraction checks
using inverse-norm bounds with a Neumann correction,
not interval-verified computer-assisted proofs.

Table 1 reports the numerical inputs behind the reported
radii. Here K is a global infinity-norm Lipschitz bound
for the Jacobian of the polynomial residual, so Proposi-
tion 5.2 allows Riupe = +00. Also,

eval

pr" = 0.8p7.

pr = pr in (7.2),
Panel (b) reports the directly evaluated posterior quan-
tities 0%, WP, There 7_ r bounds the distance from
the linear predictor to an exact zero, while
RyP = (r—r +1/u5™) (7.3)
is one concrete radius strictly inside the admissible
uniqueness interval, not a maximal radius. The inverse
residual in the displayed rows is below 2.1 x 1072, The
directional posterior test can succeed outside the smaller
direction-independent a priori ball because it is centered
at the computed predictor for that particular direction.

The additional sweep S(6) = Sterm +01 detects the value
at which limiting transversality fails, near 6, ~ 1.23347;
the least singular values there are 4.67x 1016 for ', and
3.86x107'2 for T' = 20. The terminal perturbation data,
remainder slopes, radii, and pass counts are summarized
above.

8 Concluding remarks

The scaled boundary matrix gives a Green estimate that
separates both endpoint effects. Its one-sided terminal
estimate shows that an error in the terminal reward gra-
dient changes the initial stationary control and the gra-
dient with respect to the initial state by O(e~%wT),
with an explicit local constant. The same analysis gives



Table 1

Representative numerical quantities. Panel (a) evaluates the direction-independent a priori bound at zero. Panel (b) evaluates
the a posteriori bound at the linear predictor for A = sd, s = 1072, ||d||2 = 1, and ||d||oc = 0.95358. Certificate norms are

infinity norms; only d is normalized in the Euclidean norm. Entries are upper estimates obtained from a Neumann-series bound.

(a) Direction-independent a priori bound evaluation

T row wr cr K 2 p%"al
20 can.  9.6705 3.2807 0.6000 2.6267x1072  2.1013x102
20  shift. 9.6705 3.1803 8.4853 1.9160x10~3  1.5328x103
160 can.  9.6706 3.2807 0.6000 2.6266x10~2  2.1013x102
160 shift. 9.6706 3.1803 8.4853 1.9160x1073  1.5328x10~3
(b) A posteriori bound evaluation at s = 1072
T row ;ost ;ost hr%ost ngostw};ost r_T R;?p
20 can.  6.5069x10~6 5.8023 3.7755x107°  6.5070x10~%  8.6176x 102
20 shift.  9.7658x10~°  82.0572 8.0136x1073  9.8053x107°  6.1423x10~3
160 can.  6.5069x106 5.8024 3.7755x107%  6.5070x10~%  8.6175x 102
160  shift. 9.7658x10~°  82.0578 8.0136x1073  9.8053x1075  6.1423x10~3
(c1) Finite-horizon boundary diagnostics (c2) Nonlinear diagnostics
T |Tr —Toollz Omin (can.) max ko diagnostic canonical  shifted
20 5.4 x 10~6 0.1879 772 fitted remainder slope 1.99987  2.00713
40 4.3 x 1011 0.1879 772 a posteriori test satisfied 24/24 20/24
80 2.8x10~2! 0.1879 7.72
160 1.2x10~4 0.1879 7.72

horizon-uniform branches, quadratic remainders, and a
priori and a posteriori certificates. For LQ systems with
invertible A, stabilizable (A, B), @ > 0, R > 0, and a
nonpositive terminal Hessian, the certificate holds from
T = 1, and sensitivity to that Hessian decays at rate
O(e=2T). Under strict concavity these stationary solu-
tions are Bellman optimal. Establishing horizon-uniform
second-order sufficient conditions for the nonlinear prob-
lem remains open.

Data and code availability

No external data were used; all numerical values follow
from the equations and parameters in this article.

Declaration of generative AI and Al-assisted
technologies in the writing process

The authors used OpenAl Codex in ChatGPT Work
for language editing and to draft parts of the numerical
code. They independently verified the analytic Jacobian
and numerical results and take full responsibility for this
article.
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